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1 Introduction

We begin with the following rough definition of the moduli space.

Definition 1.1. The moduli space M(S) of a compact orientable topological
surface S is the set of isomorphism classes of Riemann surfaces homeomorphic

to S.

We are interested in compact Riemann surfaces without boundary, which
are orientable and hence fully characterised by their genus g. This means
that we will be investigating M(S,), where S, is the closed genus g surface.

Our main focus of this essay is to look at the ‘size’ of the moduli space,
which we do in two ways. In chapters 2 and 3, we find local coordinates for
the moduli space, use this to see how ‘close’ M(S,) is to being compact, and
explore a natural compactification of the space. Then in chapters 4 and 5,
we aim to numerically quantify the size: first, we examine a metric on the
moduli space, then we use what we've learned to investigate Mirzakhani’s
calculation of the volume of M(S,).

1.1 The three different cases

The following theorem allows us to separate the spaces M(S,) into three
different cases, depending on the genus g.

Theorem 1.1 (Uniformization theorem for Riemann surfaces). Any simply
connected Riemann surface is isomorphic to one of:

e the Riemann sphere C U {00},
e the complex plane C,
o the unit disc .

These surfaces can be given constant curvature metrics (compatible with
their complex structures) of curvature +1, 0, and —1 respectively. So as
noted in [Til07], any Riemann surface X has universal cover isomorphic to
one of these possibilities, and can hence be given a constant curvature metric.
By Gauss—Bonnet, the curvature of the metric has the same sign as y(X),
so we get the cases g =0, g =1, and g > 2.



If g = 0, then the moduli space is a single point, since by uniformization
all compact simply connected Riemann surfaces are isomorphic to the Rie-
mann sphere. Hence the simplest nontrivial case is ¢ = 1. The space M (T?)
is much easier to work with directly than moduli spaces for higher genus,
and many of its features are analogous to those of M(S,) for g > 2, so in
chapters 2 and 3 we will use M(T?) to guide our exploration of these more
complicated spaces. In chapters 4 and 5, our constructions are more reliant
on working with hyperbolic surfaces, which is only applicable for g > 2. Nev-
ertheless, it is still possible to apply similar ideas to the moduli space of the
torus, so we return to this case at the end of each chapter.

1.2 Independent calculations and proofs

We wish to draw attention to the following calculations and proofs, which
are our own independent work.

e Proposition 3.3, where we calculate the lengths of simple closed geodesics
in a unit-area flat torus.

e Theorems 3.5 and 3.6, where we prove that M (Sy) is sequentially com-
pact.

e The calculations in §4.2 justifying the choices of area element and ma-
trix inner product, and the calculation in §4.3 justifying the formula
for ®.

e The (incomplete) argument in §4.6 establishing that the Poincaré met-
ric on H is the analogue to the Weil-Petersson metric.

e The short calculation in §5.5 showing that V,  is a rational multiple of
70976,

§5.6, where we find the volumes of moduli spaces not covered by [Mir07].



2 Understanding local coordinates

2.1 The moduli space of the torus

The moduli space of the torus is the simplest nontrivial case, so we begin
with this example.

Any genus 1 Riemann surface has fundamental group isomorphic to Z?2,
and from §1.1 we know it also has universal cover isomorphic to C. Hence
the surface can be written as a quotient C/A, where

A = {mwy +mw; : m,n € Z},

for complex numbers wo, w1 € C with 7 ¢ R. We use this to describe
the moduli space, following the second strategy in [Donll, §6.3.2] (slightly
expanded).

First, we can rescale the lattice without changing the isomorphism class
of the torus, so we rescale (wp,w1) to (¢, 1) := (3*,1). By swapping wy, w:
if necessary, we can assume that (H.

Figure 2.1: Rescaling (wq, w1 )

Next, we note that different elements of H can represent the same lattice
(eg. ¢ =i and ( =i+ 1 both give A = Z + iZ). Now (wp,w;) and (2o, 21)
generate the same lattice if and only if (? ) = A(Z)) for some A € GL(2,Z),

(CCL Z) (g) = (Zgiz) which rescales to <Z§%§,1) .

So we're left with the action of PSL(2,7Z) on H via M&bius maps (since
scaling a matrix doesn’t affect its action on H). Hence M(T?) = H/PSL(2,7Z)
as sets.



A fundamental domain for the action of PSL(2,7) on H is?
{z€H:|z| >1and Re(z) € (—3,3)}

with the edge identifications shown in Figure 2.2.

/“"*‘\ eim/3

\
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[l

0 1

Figure 2.2: A fundamental domain for the action of PSL(2,7) on H
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2

Finally, we can give M(T?) a topology by declaring the bijection with
H/PSL(2,7Z) to be a homeomorphism.

2.2 Teichmiiller space

One of the key steps in §2.1 was to introduce a larger space, and take the
quotient by a group action to get M(T?). Additionally, as remarked in
[Donll, §11.2.4], all compact oriented hyperbolic surfaces have a compatible
complex structure, so for genus g > 2 we can speak of compact oriented
hyperbolic surfaces instead of compact Riemann surfaces. These ideas lead
us to the following definitions from [FM12, §10.1].

Definition 2.1. Fix a compact surface S. A marked hyperbolic surface is a
pair (X, @), where X is a hyperbolic surface and ¢ : S — X is a diffeomor-
phism.

1See [Donl1, §6.3.2] for proof.



Two marked hyperbolic surfaces (X1, ¢1), (X2, p2) are homotopic if there
is an isometry f : X; — X, such that f o ¢, @9 are homotopic.

The Teichmiiller space® T (S) of S is the set of homotopy classes of marked
hyperbolic surfaces.

This is similar to the role played by H in §2.1, with the marking playing
the role of a choice of basis for A.

2.3 Pants

We aim to understand hyperbolic surfaces by cutting them into simpler
pieces. In order to understand these pieces, we present the following def-
initions and a lemma from [FM12, §10.5].

Definition 2.2. A pair of pants is a surface homeomorphic to a sphere with
3 boundary components. We require hyperbolic pairs of pants to have totally
geodesic boundary.

A pants decomposition of a compact surface S with Euler characteristic
x(S) < 01is a collection of disjoint simple closed curves in S, such that cutting
along the curves splits S into a disjoint union of pairs of pants.

Assigning an orientation to each curve gives an oriented pants decompo-
sition.

Figure 2.3: The two types of pants decomposition for g = 2

It is shown in [FM12, §8.3] that a collection of curves in S, is a pants
decomposition if and only if it is a collection of 3g— 3 disjoint essential simple

2As remarked in [JP13], this space was introduced by Oswald Teichmiiller, along with
the idea of reframing Riemann’s notion of the existence of 3g— 3 parameters (or “moduli”)
associated with a closed genus g > 2 Riemann surface, into the number of complex dimen-
sions of a “moduli space”. Riemann was able to give heuristic counts of the number of
moduli (for examples of heuristic counts see [FM12, §10.4]), but Teichmiiller’s construction
allowed for a formal proof.



closed curves such that no two curves are isotopic. Here, a curve is essential
if it is not homotopic to a point or boundary component.

Lemma 2.1. Gien any triple (a,b,c) € RY, there is a unique (up to isom-
etry) hyperbolic right-angled hexagon with a marked vertex such that alter-
nate sides of the hexagon have lengths a,b, c, moving anticlockwise from the
marked vertez.

Proof. For t > 0, choose geodesics ay, f; in H a distance t apart, with 7, the
unique geodesic segment realising this distance. Then take perpendicular
geodesic rays f3;, a; at distances a,b along oy, 5; from ~; as shown in Figure
2.4.

There is ty > 0 such that o, 3{ meet at the boundary of H. If ¢ > t,
then aof, B; are a distance C'(t) > 0 apart, and there is a unique geodesic
segment ~y,; realising this distance. Then C(t) increases continuously from 0
to infinity as ¢ increases from ¢ty to infinity, so there is a unique t such that
C(t) = c. The geodesics constructed above then form the edges of the desired
hyperbolic hexagon.

To see uniqueness, note that we made no more choices after the choice of
oy, B¢, which was unique up to isometries of H. n

As noted in [FM12], two copies of a right-angled hyperbolic hexagon can
be glued to give a pair of pants with boundary components of any length (see
Figure 2.5). Conversely, a hyperbolic pair of pants has three unique geodesic
arcs connecting the boundary components pairwise, which we call seams (as
in [Do13, lemma 3]). Cutting along the seams gives two hyperbolic hexagons,
which by Lemma 2.1 must be uniquely specified. This proves the following
proposition.

Proposition 2.2. Given any triple (a,b,c) € R, there is a unique (up to
isometry) hyperbolic pair of pants with boundary components of lengths a, b, c.

2.4 Length and twist parameters

Now we focus on the surface S, for g > 2, and fix an oriented pants decompo-
sition P = {m,...,735-3} of Sy. f X = [(X, )] € T(S,), then Proposition
2.2 shows that the lengths of the curves ¢(7;) fully determines the pairs of
pants which make up the surface. This motivates the following definitions.



Figure 2.4: The picture for the proof of Lemma 2.1
(similar to [FM12, Figure 10.4])

Definition 2.3. For any surface S, if ¥ = [(X, ¢)] € T(S) is the equivalence
class of (X, ¢) and 7 C S is a simple closed curve, then ¢x(7v) is the length
of the unique® geodesic in the isotopy class of ¢(7).

Given X = [(X, )] € T(S,), the ith length parameter of X is {;(X) =
Ca(7i)-

We also need to know how the pairs of pants are glued together, so we
define twist parameters, following the definition in [Dol3].

When fixing P, also fix a collection of disjoint simple closed curves B =
{Bj,...,Bn}in Sy, such that the restriction of B to any pair of pants P (deter-
mined by P) gives three disjoint arcs connecting the boundary components
of P in pairs (see Figure 2.6).

Now given X = [(X,¢)] € T(S,), assume that each ¢p(v;) is a geodesic
(otherwise use the unique geodesic in its isotopy class). Then each curve
©(f;) can be uniquely modified by homotopy to a (not necessarily embedded)
length-minimising curve Bj entirely contained within the ¢(~;) and the seams

3See [FM12, §1.2.1] for proof.



D ORY.

Figure 2.5: Gluing hyperbolic hexagons into pairs of pants

Figure 2.6: The extra curves used to define twist parameters

of the pairs of pants. Then for each ~;, take some Bj which crosses it,* and
define the ith twisting parameter® 7; to be the signed distance travelled by
B; along ¢(v;), with the sign determined by the orientation of ~;.

(E—)

LV

Figure 2.7: Modifying f;

4The final definition is independent of the choice of Bj (see [FM12, §10.6] for proof)

>This definition of twisting parameter matches the one used in [Wol85] and [Mir07],
where a full twist adds ¢; to 7, but differs from that in [FM12] and [IT92], where a full
twist adds 27 to ;.



The numbers (€1, 71, ..., 3,3, T34—3) are the Fenchel-Nielsen coordinates
of X. If we take
FN :T(S,) — (R} x R)39~3

defined by
FN(X> = (617 Tiy- - ’€3g—3) 7—39—3);

then we can see that this is a bijection by constructing an explicit inverse.
(This is done in [FM12, §10.6] by taking the pairs of pants uniquely specified
by the ¢;, and gluing them in the way uniquely specified by the 7;.)

Finally, there is a natural topology on 7(S,), and it is shown in [IT92,
§3.2.4] that the map F'N is a homeomorphism with respect to this topology.

2.5 Fenchel-Nielsen coordinates for genus 1

The coordinates for 7(7T?) arising from the identification 7(7?%) = H in
§2.1 are quite different to the Fenchel-Nielsen coordinates for genus g > 2.
However, the following construction from [IT92, §7.3.5] (expanded to give
more detail) gives an analogue of length and twist parameters, which comes
from cutting 72 into a cylinder instead of a pair of pants.

By Gauss-Bonnet, all hyperbolic surfaces have fixed area given by their
genus, so we mirror this by scaling the torus C/A to have area 1. If A has
basis ((,1), then the area of our torus is Im((), so scaling the basis gives

¢ 1

Now if we take the curve « for our cylinder decomposition to be the image
of the z-axis, then we see from Figure 2.8 that we can fix an orientation for
~ such that the resulting Fenchel-Nielsen coordinates are

I Re((
0, 7)= , )
7 (\/Im(C) \/Im(C)>

10



< y
\/Im(¢)
-
<—> ]
0 7 L

Im(¢)
Figure 2.8: Finding length and twist parameters for a torus

2.6 Getting the moduli space from the Teichmiiller
space

As in §2.1, we can define the moduli space as the quotient of the Teichmiiller
space by a group action. In the genus 1 case, the group PSL(2,Z) acts on
the space of lattices with bases by changing the basis, so we want a group
that acts on 7(S) by changing the marking.

Consider the group D(S) of orientation-preserving diffeomorphisms f :
S — S. As noted in [IT92, §1.3], this acts on T(S) by pullback:

F X @] =X, o fh)] for fe€D(S).

Further, if f € D(S) is homotopic to the identity, then (X, ), [(X, ¢ o
1)) represent the same point of 7(S), so we are really looking at the action
of D(S)/Dy(S), where Dy is the subgroup of D(S) of diffeomorphisms ho-
motopic to the identity. We call Mod(S) := D(S)/Dy(S) the mapping class
group of S, and we can now give the following definition.

Definition 2.4. The moduli space of a topological surface S is M(S) :=
T(S)/ Mod(S).

Since the action of Mod(.S) ‘removes the marking’ from elements of 7(.5),
we will identify X with [[(X, ¢)]] € M(S), where ¢ is any marking of X.
We also have the following theorem from [FM12, §12.3].

11



Theorem 2.3. For g > 1, the action of Mod(S,) on T(S,) is properly
discontinuous.

The properly discontinuous action of a group by isometries on any metric
space induces a metric on the quotient space (see [DV97, corollary 2] for
proof), so Theorem 2.3 means that any metric on 7 (S,) induces a metric on

M(S,).

12



3 Investigating compactness

3.1 What does the moduli space of the torus look like?

In §2.1, we found a fundamental domain for the action of Mod(7?) on T (7?)
(Figure 2.2). If we give H = T (T?) the Poincaré metric,% then after gluing
we get the picture in Figure 3.1 (Figure 3.2 shows why the point /3 gives
the hexagonal torus).

A A
i
T /3
0 1 1

Figure 2.2: A fundamental domain for the action of Mod(T?) on T (7?)

O b

A

—

Figure 3.1: A picture of M(T?) with sample points labelled
(similar to [FM12, Figure 12.2])

6See §4.6 for justification.

13



Figure 3.2: Why €'™/3 gives a hexagonal torus
(similar to [FM12, Figure 12.3])

We see that M (T?) is noncompact, with a single ‘spike’ which corresponds
to shortening a geodesic. We will see that this picture remains true for the
higher genus case as well.

3.2 The statement of Mumford’s compactness crite-
rion
Recall from §2.4 that the length of a simple closed curve is the length of

the unique geodesic in its isotopy class. This allows us to give the following
definition.

Definition 3.1. For g > 1 and € > 0, the e-thick part of M(S,) is M.(S,) =
{X € M(S,) : £x() > ¢ for any essential simple closed curve v in X'}

It is shown in [FM12, lemma 12.4] that for g > 2, every X € M(S,) is
contained in some M. (Sy), which means that M(S;) = [J..o M:(Sy). The
same result for the genus 1 case is an immediate consequence of proposi-
tion 3.3 below.

We state a theorem which we will prove in §3.3 and §3.4.

Theorem 3.1 (Mumford’s compactness criterion). For g > 1 and € > 0,
M.(Sy) is compact.

When combined with the following result from [FM12, §12.5], this lets us
‘see’ what the moduli space looks like.

Proposition 3.2. For g > 1, M(S,) \ M(S,) is path-connected.

14



This is intuitively clear: if v, are ‘short” in X, Xy respectively, then
we can make a path between them in M(S,) \ M(S,) by first contracting
Y2, then relaxing ;.

So we can see that for any genus, the moduli space has a single ‘spike’
similar to the case for g = 1.

3.3 Mumford’s compactness criterion for genus 1

In this section, we work with unit-area tori, so write A¢ for the lattice with

basis < SR >, and T, := C/A;. Using this notation, we give our
Q) /im0 ¢ = C/A s &
own result.

Proposition 3.3. The set of lengths of essential simple closed geodesics in
T, is equal to

{%(O|m§+n| :m,n € Z, ged(m,n) = 1}

Proof. Any closed geodesic (not necessarily simple) in T; can be represented
by an element of m(T;) = Z?, so it suffices to check the geodesic in each
equivalence class [y] € m(T¢). Take generators a,b for m;(T¢) as shown in
Figure 3.3, and consider [y] = a™b" for m,n € Z.

¢
\/Im(Q)

Y <

0 1
Im(¢)

Figure 3.3: Generators for m(T¢)

We see that the geodesic 7 € [y] corresponds to the line segment joining
0tom- —=— +n-—=— in C. Clearly 7 is essential and simple if and onl
Vin© v P Y

15



if gcd(m,n) =1 (see Figure 3.4), and its length is
1

—==|m +n(],

V/Im(¢)

so we're done.

not simple

17
Im(¢)

Figure 3.4: Geodesics in T,

]

By Proposition 3.3, the length of the shortest closed geodesic in T¢ is
(Im ¢)~'/2-Min{|¢|, 1}. Restricting our attention to the fundamental domain
given in §2.1, where || > 1, this gives the picture for M_(T?) in Figure 3.5.
Hence Mumford’s compactness criterion is true for g = 1.

eiﬂ/3 N

i el

Figure 3.5: The e-thick moduli space of the torus

16



3.4 Mumford’s compactness criterion for higher genus

The proof of Mumford’s compactness criterion for the torus relies on com-
puting M. (T?) explicitly. This isn’t practical for genus g > 2, so we need a
different strategy.

Note that 7(S,) = R%~% is metrisable, so M(S,) is metrisable by the
remark in §2.6. This means that we can prove sequential compactness instead
of compactness, so given a sequence in M.(S,), we aim to lift it into a
closed bounded subset of 7 (S,). This requires an upper bound on the length
parameters, which motivates the following lemma from [FM12, §12.4].

Theorem 3.4 (Bers’ constant). Let g > 2. There is a constant L = L(S,)
such that any hyperbolic surface homeomorphic to S, has a pants decompo-
sition P = {1, ...,7v3g—3} with {x(v;) < L for each i.

Strictly speaking, Bers’ constant is the smallest such L, but we just need
that such an L exists.

Proof. Our aim is to inductively build the collection {71, ...,735-3}
To get the first curve, take any x € X, and consider the disc

D(z,r):={re X :d(z,z) <r}

where the distance d(Z, z) is given by the hyperbolic metric on X. For small
r, this is an embedded disc isometric to a disc of radius r in H, and hence
has area

27 r
/ / sinh pdp df = 2w (cosh(r) — 1).
o Jo

So if r, = sup{r : D(z,r) is an embedded disc in X}, then we see that
2m(cosh(r,) — 1) = Area(D(x,7,)) < Area(X) = —2mx(95,),

so 1, < cosh (1 — x(S,)). In particular, r, is finite and bounded above by
a function of S,.
It must be true that D(z,r,) isn’t embedded in X, so there are two radii
of D(x,r,) which meet at their endpoints (see Figure 3.6). Their union is a
simple essential closed geodesic v, of length at most L; := 2cosh™*(1— X(Sy))-
We repeat a similar process inductively to generate the other curves. Say
k curves with length less than L have already been constructed, cut X along

17



s

Figure 3.6: The case when D(z,r,) isn’t embedded in X

them, and choose a component ¥ not homeomorphic to a pair of pants. Now
take x € Y to be a point furthest from 9Y, and set

r, = sup{r : D(z,r) is embedded in Y and disjoint from 0Y }.

If D(z,r,;) isn’t embedded in X, then we proceed as above. Otherwise,
D(z,r,) intersects Y. This gives two radii p;, po connecting boundary com-
ponents d1, 9y of Y (possibly §; = d3). The boundary a of a neighbourhood
of p1 U pa Uy Uy is a simple closed curve (see Figure 3.7).

Figure 3.7: The case when D(z,r,) intersects 0Y

The length of a can be made arbitrarily close to
20y (p1) + 20y (p2) + by (61) + Ly (32) < dcosh™ (1 — x(S,)) + 2Ly,

so the geodesic in its isotopy class has length at most this. Further, Y is not
a pair of pants or annulus so « is essential.

Hence we can take Ly,q = 4cosh™' (1 — x(S,)) + 2L;. Once we've con-
structed 3g — 3 curves, we're done, and we can take L = L3, 3. O]

Now we can finish the proof of Mumford’s compactness criterion by check-
ing the case g > 2, following the proof in [FM12, §12.4].

Proof of Theorem 3.1. Take any sequence (X;) in M.(S,), and let &; €
T (S,) be lifts of the X;.

18



For each Aj, there is a pants decomposition P; = {7;1,...,%39—3} of Sy
such that lx,(vi;) € [e, L] for each j. There are only finitely many different
topological types of pants decomposition of S,, so by passing to a subsequence
we can assume that each P; is the same type.

For each i, we can now choose f; € Mod(S,) such that f;(P;) =Py := P,
and let )V; = f; - X;. Then the ); all have length parameters in the interval
e, L] in Fenchel-Nielsen coordinates adapted to P.

Further, full twists about any v; € P don’t change the element of M(S,).
Hence, by composing with elements of Mod(S,) again, we obtain new lifts
Z; of the X; with length parameters ¢;(Z;) € [e, L], and twist parameters
7i(2:) € [-54;(2:), 34:(2)] € [-5, 5] So

T2 2

(01,71, .- U39-3, T39-3)(Z:) € ([e, L] x [_%vé})gg_g‘

Nl

Nl

Figure 3.8: Lifting a subsequence into the Teichmiiller space

This is a compact space, so (Z;) has a convergent subsequence (Z;,).
Hence X; has a convergent subsequence X;; converging to X € M(S,).

Finally, we need to check that X € M.(S,).” Tt is shown in [FM12, §10.3]
that the length maps ¢,(X) : T(S;) — R are continuous, so we write

T(Sy) = () £ ([e,0)
y€E™1(Sg)

where 7:(S,) is the e-thick part of the Teichmiiller space. This is obviously
closed, so contains lim;_,, Z;;. Hence X is contained in M.(S,). O

"This is our own addition, as it isn’t checked in [FM12].
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3.5 Compactifying the moduli space for genus 1

From the description in §3.1, we see that the only way for a sequence in
M(T?) to leave every compact set is if Im(¢,) — oo for the corresponding
sequence ((,) in H. We aim to compactify the space by adding the ‘limits’
of such sequences.

First we consider the sequence (ni),eny. We can see from Figure 3.9
that the ‘limit’ is® T, := C/Z, where the equivalence class of z € C is
{z+n:neZ}

AN A A AN

v

Figure 3.9: Lattices corresponding to (ni)nen

Further, if we change to a different sequence, for example (n(),en for some
¢ € H, then the resulting ‘limit’ is biholomorphic to T,,. Hence the one-point
compactification is the natural compactification to choose for M(T?).

A A A A

v

> > >
rd L L

Figure 3.10: Lattices Corresponding to (n()nen

We will get a result more consistent with the construction in §3.6 (where
the ‘extra surfaces’ are compact) if we consider our additional point to be
the one-point compactification of T,.

8See [1T92, §B.1].
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Note also that if (¢, )nen has Im((,) — oo, then in the Fenchel-Nielsen
coordinates from §2.5 we have that the corresponding length parameters are

1
m(¢,

3.6 A compactification of the moduli space

In §3.5, we added a single point to M(T?) to be the limit of all sequences
(X,) in M(T?) with ¢(X,) — 0, independently of the behaviour of 7(X,,).
Here we extend this idea to the case g > 2, to give the Deligne—Mumford
Compactification.”

We give the following definitions from [HK14] (simplified to remove ref-
erences to marked points).

Definition 3.2. A stable curve is a surface X which has a finite subset N
(the set of nodes of X) such that:

e The components of X \ NV are all hyperbolic Riemann surfaces.

e Each node has a neighbourhood isomorphic to a neighbourhood of the
origin in the curve with equation zy = 0 in C2.

e =<

Figure 3.11: A stable curve

Definition 3.3. A multicurve I' in a surface S is a set of disjoint curves
{71, .-,V }, where no two curves are homotopic.

We saw in §2.3 that a multicurve in S, is a pants decomposition if and
only if it has 3g — 3 curves.

9Note the definition below is that of the augmented moduli space M (S). This is shown
in [HK14] to be canonically isomorphic to the Deligne-Mumford compactification, so we
will use the two terms interchangeably.
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Definition 3.4. Take a compact surface S. A marked stable curve is a pair
(X, ) where X is a stable curve, ¢ : S — X is continuous, and there is a
multicurve I' C S such that ¢ induces an orientation-preserving homeomor-
phism ¢, : S/I' — X. (Here S/I' is the space obtained by collapsing the
elements of T' to points.) We say that X is marked by S.

Two marked stable curves (X1, 1), (X, p2) are isotopic if there exists
an isomorphism « : X; — X5, and a homeomorphism § : S — S which is
isotopic to the identity, such that a o ¢ = o ps. (« is the analogue of f in
Definition 2.1, and [ sends the multicurve collapsed by ¢ to the multicurve
collapsed by s.)

The augmented Teichmiiller space '?(S ) of S is the set of isotopy classes
of stable curves marked by S.

Note that Mod(S,) still acts on ?(Sg), so we can define the augmented
moduli space to be the quotient M(S,) := T (S,)/ Mod(S,).

We can give ?(Sg) a topology which doesn’t refer to Fenchel-Nielsen
coordinates (see [HK14, §2]), but for simplicity we instead give the topology
defined in [Mon09, §5].

Consider X = [(X,¢)] € '?(Sg). I = {m,...,7%} is the multic-
urve collapsed by ¢, then add enough curves to get a pants decomposition
P = {m,...,739-3} of S;. Consider Fenchel-Nielsen coordinates adapted
to P, with the length parameters ¢4, ... /¢, all taken to be 0 and the twist
parameters 7, ..., 7, left undefined.

We declare that a sequence X; = [(X;, ¢;)] of marked stable curves con-
verges to X if and only if:

e There is some 7 such that for each i > 7y, each curve collapsed by ;
is homotopic to some curve in P,

e Foreach j =1,...,39—3, we have that (;(X;) — ¢;(X) as i — oo, and
e For each j =n+1,...,3¢ — 3, we have that 7;(X;) — 7;(X) as i — oc.

This defines a topology on 71(59), and it is noted in [Mon09, §5] that
the conditions above are equivalent to two conditions which are independent
of the choice of v,41,...,734—3. Hence this topology is independent of the
choice of pants decomposition. Further, we can see that this is the ‘correct’
topology because sequences which would converge in M (S,) still converge to
the same point, and the new convergent sequences correspond to ‘convergence
to a node’.
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3.7 Compactness of the augmented moduli space

In §3.4, we saw the proof from [FM12] that M.(S,) is sequentially compact.
We give our own adaptation of this proof to give sequential compactness of
M(S,), beginning with an analogue of Theorem 3.4.

Theorem 3.5 (Bers’ constant for stable curves). Let g > 2. There is a
constant L = L(S,) such that given any X = [(X, )] € T(S,), there is a
pants decomposition P = {y1,...,vsg—3} of Sy such that:

o The multicurve I" collapsed by ¢ is contained in P.
o /x(v;) <L for each i.

Proof. Given X as above, take any pants decomposition P of S, containing
the curve I' collapsed by ¢. Then the multicurve go(ﬁ) cuts X into pairs of
pants, where we allow one or more boundary components of a pair of pants
to have length 0.

Figure 3.12: Degenerate Pants

Note that if a pair of pants has a length 0 boundary component (a cusp),
then by considering the corresponding hyperbolic hexagon (which has a side
of length 0), we can find a curve of length at most 1 which we can cut along to
remove the cusp. In Figure 3.13, this is done by moving the curve § upwards
until it has length at most %

This means that we can cut along curves in X to remove the nodes,
giving a hyperbolic surface X with (non-geodesic) boundary components all
of length at most 1.
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cut along seams

Figure 3.13: Finding a short curve around a node in a pair of pants

We also note that by [HK14, proposition 1.8], if X is a stable curve
marked by S, with set of nodes N, then X \ N has area —2mx(S,). Hence
Area(X) < —2mx(S,).

This allows us to repeat the procedure in the second step of the proof of
Theorem 3.4 to get a constant L = L(S,) and 3g — 3 — |I'| essential simple
closed geodesics in X , each with length at most L. Taking the preimage of
these curves under ¢ gives a set of curves in Sy, and together with I" these

give the required pants decomposition of S,. O
This allows us to prove the following theorem.
Theorem 3.6. If g > 1, then M\(Sg) s sequentially compact.

Proof. The case g = 1 was checked in §3.5, so assume that g > 2.

Take a sequence (X;) in M(S,). As in Theorem 3.4, we pass to a sub-
sequence, use Theorem 3.5 and act with elements of Mod(S,) to get lifts
Z; = [(Xi,95)] € T(S,) of the X; with the following properties:

e The Z; all have length parameters less than L and twist parameters
between —% and %, in Fenchel-Nielsen coordinates with respect to the
same pants decomposition P of S,.

e For each Z;, the multicurve collapsed by ¢; is contained in P.

If we write
zi = (01(25),11(25), . . . U3g-3(Z3), T39-3(23)),
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then (z;) is a bounded sequence in (Rso x R)?73 so has a subsequence
(zi,) converging to some z = ({1, 7y,...,l34_3,T39-3) € (Rsg x R)*73. Let Z
be the stable curve with Fenchel-Nielsen coordinates (¢1, 71, ..., 343, T35—3)
with respect to P, and X the corresponding element of M (Sy). Then we
see from the description of the topology in §3.6 that Z;, — Z in ’?(Sg), SO

X;, = X in M(S,).
O

Interestingly, in the proof above we found a subsequence of (Z;) such that
all length and twist parameters converge. This indicates that if a version of
M(S,) exists where twisting around a node is recorded, then this space is
also sequentially compact. .

Finally, to deduce from Theorem 3.6 that M(S,) is compact, we trace
the following trail of references.

e From [Mon09, §5], ?(Sg) is the completion of T(S,) with respect to
the Weil-Petersson metric (see §5).

e From [Bril0, Theorem A], Mod(S,) acts on this completion by isome-
tries.

e From [Him68, Theorem 4], if a group acts on a metric space by isome-
tries, then the resulting quotient is pseudometrisable. (A pseudometric
is a generalisation of a metric which allows distinct points to have dis-
tance 0.)

e From [Oecl7, Proposition 1.50], compactness and sequential compact-
ness are equivalent in a pseudometric space.
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4 Measuring distance

In the rest of this essay, we aim to find the volume of the moduli space.
We begin by giving 7 (S) the Weil-Petersson metric. This is a Riemannian
metric, which associates an inner product on the tangent space to each point
of T(5) in a smooth way. This allows us to measure distance in 7(S) and
hence in M(S5), as noted in §2.6.

For most of this chapter, our smooth surface S will have x(5) < 0. In
this case, we write M, T and Mod in place of M(S), T(S) and Mod(S) for

convenience.

4.1 A new way of looking at the Teichmiiller space

In §1 we gave an informal definition of the moduli space, and in §2.6 we
defined the moduli space as a quotient of the Teichmiiller space, but we now
need a different definition, for which we follow the definition in [Tro92].

Definition 4.1. A 1-1 tensor is a map H which assigns to each point z € S
a linear map H, : T,,S — T,S.

C>=(T}S) is the vector space of all smooth 1-1 tensors.

An almost-complex structure is a 1-1 tensor J € C*®(TLS) such that
J?2 = —1I, for each x € S, and (u, J,u) forms an ordered basis for T,S for
each u € T,,S.

A is the set of smooth almost-complex structures on S.

An almost-complex structure tells us what multiplication by 7 looks like
on S: the first condition ensures that .J, is a quarter-turn rotation, and the
second ensures the rotation is anticlockwise.

It is a fact that there is a bijection between complex structures on S
(defined in terms of charts) and almost-complex structures on S. Hence we
want the moduli space to be the set of almost-complex structures, modulo
diffeomorphisms of S, as in the following definition.

Definition 4.2. M = A/D where the action is by pullback, that is
(f*T)e = (df) " Jp@wdfs for f €D, J € A

Recall from §2.6 that D is the group of orientation-preserving diffeomor-
phisms of S, D, is the subgroup of diffeomorphisms homotopic to the identity,
and Mod = D/D,.
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Now almost-complex structures should only represent the same point of
T if they differ by a diffeomorphism of S homotopic to the identity, so we
take T = A/Dy. Then we still have that M = A/D = (A/Dy)/(D/Dy) =
T/ Mod, at least as sets (see [Tro92, §0]).

4.2 A natural metric on the space of almost complex
structures

We want to define a Riemannian metric on A which we can pass to the
quotient 7 = A/Dy, so we need to understand its tangent space. We can
get some insight by relaxing the C* constraint on C*°(T\1S) and A, to allow
tensors which are k times differentiable (in the sense of distributions), giving
the spaces H*(T}S) and A*. Then H*(T|S) is Banach, which gives access to
the implicit function theorem for the following proposition from [Tro92, §1.1].

Proposition 4.1. A* is a smooth submanifold of H*(T}S) with tangent
space

TyAF = {H € H¥T}S): HT = —JH}
Proof (sketch). 1f J € H*(T}S) then
JP=—TetrJ=0and detJ =1,

so AF = Ny NN, where Aj := tr='(0) and N, := det " (1).

(For the forwards direction, if v is a nonzero vector field on a neighbour-
hood then check the form of J with respect to the basis {v,, J,v,} for T,.S.
The reverse direction follows from the Cayley—Hamilton theorem.)

Then Ay is a subspace of H¥(T!S), and hence a C* submanifold of
HF(TLS) with TyNy = {H : tr H = 0}. The implicit function theorem gives
that NV} is a C* submanifold with tangent space TyN; = {H : tr J~'H = 0}.

Another application of the implicit function theorem gives that A* =
Ny NN is a O submanifold of H*(TLS) with tangent space

Ty A* = TyNo N TyN;
={H:trH=0,trJ 'H=0}
={H :tr H =0,tr JH = 0}
—{H:HJ]=—JH}
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where the third equality uses the fact that J?> = —I, and the final equality
is a straightforward point calculation.
m

This result extends to the C*° case—as remarked in [Dau05], A is indeed a
smooth manifold with tangent space Ty A = {H € C>~(T}S) : HJ = —JH}.

As stated in [Tro92, §2.5], there is a natural L? metric on A, given at a
point J € A by

(H, K, = / tr(HK) diy (1)

Here, g(J) is the unique Riemannian metric with constant curvature —1
associated to J (see §4.3), and p, is the area element associated to a Rie-
mannian metric g: if (u,v) is a positively oriented basis for 7,.S then

o) i \/det (gm, u) gx<u,v>)7 @

ge(v, 1) gu(v,0)

and p, (v, u) = —py(u,v).

We now carry out our own calculations to justify why these are the natu-
ral definitions to choose. We work on R? and choose coordinates, and check
the definitions above match the resulting expressions.

Area element

Take a positively oriented basis u = (4),v = (1) for R%. Then the
area of the parallelogram spanned by u, v is the area of the image of the unit
square under the map (5 ) = (s vs )(y). This is

Uy V1
det = U Uy — UV
Uy V2

_ 2,2 2,2

= \/u1v2 — 2u1uv1 V2 + UV;

_ det Uy Uy U1V U2V
viuy + vouy v 4 v2

:\/det(u-u u-v)'
v-u vU-v
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Replacing the dot product with an inner product g gives an expression sim-
ilar to (2).

Matrix Inner Product!®
Note that if J : R* — R? is linear and J? = —I, then we can choose
a basis such that J is represented by J := (%7 '). And if HJ = —JH,

KJ = —JK then
h12 _hll — _ _h21 _h22
h22 —h21 hll h12

so in particular H, K are symmetric. Hence tr(HK) = Z?j:l hijkj; =

Z?Fl hi;jk;;. This is indeed what we expect a ‘dot product’ on matrices to

look like.

The expression in (1) can therefore be interpreted as taking the dot prod-
uct of H and K, and integrating the outcome with respect to the area form
given by J.

4.3 The space of Riemannian metrics

We take a brief diversion to investigate the relationship between almost-
complex structures and Riemannian metrics explained in [Tro92, §§1-2|, be-
ginning with the following definition.

Definition 4.3. S, is the space of symmetric 0-2 tensors on S, that is the
set of smooth maps which assign to each point z € S a symmetric bilinear
form on T,,S.
G:={g€ 5 :g()(u,u) > 0if u+#0} is the set of Riemannian metrics.
G_1 C G is the set of Riemannian metrics with constant curvature —1.
F is the set of smooth positive functions on S.

We define a map ® : G — A using the formula
9(2) (1, ®(g)0) = —p1y(w) (1, 0) for u,v € T, S,

To justify this formula, we give our own calculation.

10 After carrying this calculation out independently, we found a similar calculation in
[FT84b, theorem 2.2].
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If g is the dot product on R?, then ® is an anticlockwise quarter-turn
rotation. Now if u,v € R? and 6 is the signed angle between them, then

u-®(g)v = [lull lv]|cos(0 + 5) = — [ull [v]| sin & = —pg(u, v),

so the formula makes sense.

It is shown in [Tro92, §1.3] that ® is a well-defined surjective map G — A,
which restricts to a bijection G/F — A.

To get the bijection between G_; and A which we need to define the
metric in §4.2, we seek a bijection between G/F and G_;. This follows as an
immediate consequence of Poincaré’s theorem, stated below.

Theorem 4.2. Suppose S is a compact oriented surface of genus at least 2.
If g € G(S), then there is a unique A € F(S) such that \g € G_1(5).

These bijections are very important in [FT84al, since in the k-times-
differentiable case they turn out to be diffeomorphisms between smooth
manifolds. This allows Fisher and Tromba to consider 7 as the quotient
G_1/Dy, which gives access to Poincaré’s theorem, facilitating the proof that
T is a smooth manifold. Further, the definition of 7 in §2.2 is essentially
T :=G_1/Dy, so this reconciles the definitions in §2.2 and §4.1.

It is also shown in [Tro92] that the bijection A — G_; is Dy-equivariant,
that is g(f*J) = f*g(J) for any J € A, f € Dy.

4.4 The Weil-Petersson metric

For T = A/Dq to inherit the metric on A, we certainly need the following
proposition from [FT84b].

Theorem 4.3. The L? metric on A is Dy-invariant.

Proof. Take f € Dy, J € A, H K € T;A.
Then

PR = (P HL S K)) s = [ 6 R dugge
From §4.3 we have g(f*J) = f*g(J), so this is equal to
/tr(f*Hf*K) dfifegs) = / fr(te(HK)) dpgg.r).-
S S
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Now by the change of variables theorem, this is equal to

[ ) diy = (1)
UJ

It turns out that 7 is also a smooth manifold, and the quotient map
m: A — T is ‘nice’ enough that we can define (-,-) to be the Riemannian
metric on T induced by ((-,-)) (see [Tro92]).

As noted in [FT84b, p.335], Weil’s definition of the Weil-Petersson metric
(-, )wp is quite different to this, and involves identifying the tangent space
of 7 with the space of holomorphic quadratic differentials on S. However, a
straightforward computation in [Tro92, §2.6] gives that (-,-) = 2(-,-)wp, so
we will refer to (-,-) as the Weil-Petersson metric.

4.5 Wolpert’s magic formula

It is also possible to give 7 a complex structure (see [Tro92, §4]), although
we do not give details here. It is shown in [FT84b] that the Weil-Petersson
metric is Hermitian with respect to this structure, that is if J is the associated
almost-complex structure on 7, then we always have (JX,JY) = (X,|Y)
(“multiplying by ¢ doesn’t change the angle”). This means that we can
define an area form on 7, given by!!

w(X,Y) = (JX,Y).

The motivation behind this definition is similar to that for ® in §4.3.
In [Wol85], Wolpert shows that

39—3

W = Z dgl A dTi
=1

in Fenchel-Nielsen coordinates for 7(S,) with respect to any pants decom-
position.

As noted in [Wri20, §2.8], this result is often referred to as Wolpert’s
Magic Formula, since it’s surprising that the Weil-Petersson metric has
such a simple relationship with Fenchel-Nielsen coordinates, and also that
Z?i 13 dl; A dr; is independent of the choice of coordinates.

To get a clearer idea of what Zf’i 13 dl; A\ dr; means,'? note that do A dy is

HSee [Bal06).
12We found [Col11] helpful for this.
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the usual oriented area form on R?, so (dz A dy)(a,b) is the area of the par-
allelogram spanned by a,b (up to sign, which is determined by orientation).
So given a parallelogram in 7, the form w tells us to sum the signed areas of
its projections onto each of the (¢;, ;) planes.

Wolpert also showed that w is invariant under the action of the mapping
class group, so it defines an area form on M, and that this can be extended
to the compactification M.

4.6 The Weil-Petersson metric for genus 1

In [IT92, §7.3.5], an analogue to the Weil-Petersson metric is defined for
the genus 1 case by mimicking the definition given in terms of holomorphic
quadratic differentials. We present our own approach to the problem, starting
instead from the metric in §4.2.

Fix an explicit description of T? as the square torus T := C/(Z + iZ), so
we can identify the tangent space at any point with R?, equipped with the
usual basis. Then C*°(T'!T) can be identified with the space of smooth maps
from T into the space Ms(R) of real 2x2 matrices. This gives that

A={J € C®T/T): J(2)* = —I for each z € T, and
(u, J(2)u) is an oriented basis for T, T for each u € T,T}.

We know from [Dau05] that A is a smooth manifold with tangent space
T;A={H € C™(T}'T) : H(2)J(z) = —J(2)H(z) for each z € T},

so we define the L? metric

(H, K, = / tr(HK) diy

where ¢(J) is some flat unit-area metric associated with J. We don’t
have uniqueness of g(.J), so we need to either specify g(.JJ) uniquely or show
that the metric is independent of this choice. We also need that ((-,-))
is Dg-equivariant. We leave these problems and move on to examine the
Teichmiiller space.

We have a description of 7(7?) as the upper half plane from §2.1, where
¢ € H corresponds to the torus T, = C/A, (using the notation from §3.3).
If we use the description of T2 and its tangent space fixed above, then the
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almost-complex structure corresponding to ¢ € H is given by moving the

point x + 2y to x + (y, carrying out multiplication by i, and moving back
(see Figure 4.1).

; q q
— — x — x
0 1 0' 1

i
0 1 0 1
Figure 4.1: Finding the almost-complex structure associated with ¢

If we write ( = a + b, then a change of basis calculation gives

1 a\ (0 —1\ (1 a\ 1(-a —[
0 b 1 0 0b) b\1 a '
Hence the almost-complex structure associated with ( is the constant

map z — J©, where
1 (—a —|C]?
(9 —_—
J b ( 1 a ’

and another short calculation gives that any constant map in 4 has this
form. This gives the identification

T = {constant maps in A} = {J© : ¢ € H}.

The canonical basis for the tangent space is

Note that Hy, H; are linearly independent and anticommute with J(©,

and the space of matrices which anticommute with J( can be shown to be
2-dimensional, so

TyoT ={H € GL(2,R) : HJ© = —JOH}.

We know that 7 is the quotient A/Dy, so take m : A — {J©) : ¢ € H}
to be the quotient map. Note that 7 sends constant maps z — J(© to J©,
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and we hope that it is sufficiently ‘nice’ for our purposes, in particular that
it has similar identifications on the tangent space. B

Then the metric induced by ((-,-)) on T is given by taking lifts J of J € T
and H, K of H, K € T)T, and calculating ((H, k>>5 Taking the lifts to be
the constant maps mentioned above gives

(H,K) = /S tr(HK) dp, 5 = /S tr(HK) dpy 5 = tr(HE).

Then
2

2
<H07H0> ~ 12 <H0’H1> = 07 <H17H1> - b_27

b2’

so the metric is b%(da2 + db*), which is the Poincaré metric (up to a
constant).

The result in [IT92] is QLZ)Q(da2 + db?), which only differs from ours by a

constant.'® As observed there, if we take the coordinates

1 a
VO
from §2.5, then from their result we recover the area form d¢ A dr, which
is analogous to Wolpert’s formula.

(6;m) = ( );

13This indicates that the issues with uniqueness and Dy-equivariance of ({-,-)) and ‘nice-
ness’ of the map 7 could be resolvable.
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5 Computing volume

We can use w to define a volume form on M (S) by taking the m-fold wedge
product

—'w/\.../\w,
m!

where m = 3 dim(M(S)).

Our aim is to find the volume of M(S,) with respect to this volume form.
The obvious approach is to find a fundamental domain for the action of
Mod(S,) on T(S,), but in [Mir07], Mirzakhani was able to find a recurrence
relation for volumes of moduli spaces of surfaces with boundary using a
different method,'* which we will investigate below.

5.1 Introducing boundary components

Mirzakhani’s recursion only gives the volumes of moduli spaces of surfaces
with boundary, so we introduce the following notation from [Mir07]. Note
we require the boundary components of a hyperbolic surface to be geodesic
and of fixed length, where a length-0 boundary component is viewed as a
puncture.

Definition 5.1. Write S, for the topological surface of genus g with n
boundary components, and call the boundary components [y, ..., 8,.

Given L = (L4,...,Ly,) € R, we define 7,,(L) to be the Teichmiiller
space of marked hyperbolic surfaces homeomorphic to Sgn with lx(B;) = L;
for each i. (Markings are defined as in §2.2.)

Then M, (L) := T,,(L)/ Mod(S,,,), where elements of Mod(S,,) are
required to fix each boundary component setwise.

Finally, we write V,,,(L) for the Weil-Petersson volume of M, (L).

Note that a pants decomposition of S, ,, consists of 3g — 3 + b curves and
splits it into 2g — 2 + b pairs of pants, so using Fenchel-Nielsen coordinates
gives T, n(L) = (Ry x R)3973F0,

14As remarked in [Wri20, §6], before Mirzakhani’s work these volumes were only known
in the cases L = (0,...,0), Mo 4(L) and M 1(L).
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5.2 The volume of the moduli space of a once-punctured
torus

Mirzakhani begins [Mir07] with a calculation of V; ;(0), since the calculation

of the volumes of other moduli spaces follows a similar structure. We repro-

duce the calculation here (slightly expanded to give more detail), beginning
with the following identity of McShane.

Theorem 5.1. If X is a hyperbolic once-punctured torus, then
1 1
Z Tretx™ 2 (3)
v

where the sum is over all simple closed geodesics v on X.

>

Figure 5.1: A path in a once-punctured torus
(similar to [Hoel9, Figure 12])

The key step is to introduce the space
11 =1(X,7) : X € My;1(0),7 € X asimple closed geodesic}.

Fix a simple closed curve o € Sy ;. Then given (X, p) € Mj |, there is
some diffeomorphism ¢ : S;; — X such that ¢(a) = v, and @1 (@) = @a(a)
if and only if ¢ = s o f for some f € Stab(a). Hence we can identify M7,
with 71,1(0)/ Stab(a), so M7 | is a space ‘between’ 711(0) and M, 1 (0).

We give M7, Fenchel-Nielsen coordinates about «, where any (X,~) €

11 is determined by (£, 7), the length and twist of X about . Then the
only redundancy is full twists of X about v, which correspond to adding
multiples of ¢ to 7. Hence'®

1= (l,7):0<7</0}/(x,0) ~ (x,2)
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b4
>

Figure 5.2: A picture of M,

as in Figure 5.2.
Next, we aim to rewrite (3). If we define the maps

T MTJ — Ml,l(O) (X, "}/) — X,
(M - R (X,7) = Lx(7),

then

> ) =5

(YV)=X

where f(z) = (1 +¢e*)7L
Finally, using Wolpert’s formula we can calculate

Via(0) =2 /Mnédxzz / . (Z feoax =2 [ peryay
14

Y)=X

7.‘.2

) 0 00 )
=2 ﬁdd€:2/ 12 €d€:2/ dl = —
/Z:O =0 f( ) ! £=0 f( ) £=0 1+€Z 6

5.3 Mirzakhani’s strategy for calculating the volume
of the moduli space

To calculate V, (L), Mirzakhani generalises the calculation in §5.2 in two
steps.

5Note we have corrected a typo from [Mir07] below.
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Step 1: Generalise the identity (3) to arbitrary hyperbolic surfaces with geodesic
boundary.

Step 2: Develop a method for integrating functions given in terms of hyperbolic
length.

We follow a summary from [Wri20, §5| of the strategy for step 1 (with
additional exposition). First, choose some boundary curve (31, and consider
the set F' of points © € [(; where the geodesic ray 7, starting at x and
perpendicular to 8; continues forever without hitting itself or the boundary.
It can be shown that F' cuts (5 into a countable union of disjoint intervals
(ag, bg). Mirzakhani shows that for each interval, the geodesics 7, , V5, both
spiral towards either a simple closed curve, or a boundary component that
isn’t §;. Further, there is a unique pair of pants P with geodesic boundary
containing e, , Vb, -

/7

>

Figure 5.3: A spiralling geodesic on a pair of pants
(similar to [Wri20, Figure 5.2])

The length |by —ay| can be calculated explicitly. This calculation depends
on whether 7, , 75, spiral towards the same curve « (so P is bounded by «,
f1, and another boundary component 3;), or different curves ag,, o, (so
P is bounded by ag,, ap,, and £;). The final identity states that L; =
> |br, — ag|, and the two cases give rise to two terms. The first is a sum
over all simple closed curves bounding a pair of pants with ; and another
boundary component, and the second is over all unordered pairs of simple
closed curves bounding a pair of pants with f;.

Now we look at step 2, following the summary in [Dol3, §4.3]. We split
the second term in the identity from step 1 according to whether removing
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the relevant pair of pants leaves the surface connected (the disconnected
case is further split according to the resulting connected components). Then
each term is a sum over a mapping class group orbit, which allows for the
definition of a similar ‘space of pairs’ to the one in §5.2, and a similar use of
Fenchel-Nielsen coordinates and Wolpert’s formula.

After integrating, this gives an expression for L,V ,(L). By taking a
partial derivative, the final recursion can be given explicitly (see §5.4).

5.4 The recursion formula

To give the statement of Mirzakhani’s recursion, we introduce some helpful
notation from [Mir07].
Define H : R? — R by

1 1
T4y +
2

H(z,y) =

Ty’
1+e 1+4+e 2

This function comes from computing lengths of intervals on the boundaries
of pairs of pants.
We take

(g,7) 1 g=landn=1
m(g,n) = )
J 0 otherwise.

This is needed because the surfaces arising when a curve separates off a handle
have extra symmetry (consider a half-turn rotation about the boundary).
Given L = (L, ..., L,), we write

~

L — (LQ, .. .,Ln), /[:] - (LQ, e ,Lj,l,LjJrl, N >Ln)7

and we allow any combination of numbers and tuples to be arguments in
Vgn, for example

Vonl@, L) = Vyu(x, Lo, ..., Ly,).

This is convenient because removing a pair of pants from a surface gives a
new surface where most of the boundary lengths are unchanged.
We define Z,,, to be the set of ordered pairs

a = ((91,11), (92, I2)),
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where Iy, I are disjoint sets with I; U 1o = {2,3,...,n},and 0 < g1,92 < g

are numbers such that 2¢;+|1;| > 2 for each j. These pairs correspond to the

resulting components when removing a pair of pants disconnects a surface.
Then given L = (Lq,...,L,) and I = {i1,... i} C {1,...,n}, we write

L= (Li,..., L)

for notational convenience.
We are now ready to give Mirzakhani’s recursion.

Theorem 5.2. If x(S,,) <0, n # 0, then V(L) is determined by

L2 w2

Vos(Li, Lo, L3) =1 and Vii(Ly) = o + — 5

and if (g,n) # (0,3), (1, 1), then

a 1n+1$y>L)
8L Ll gn / / ng Lo+l H(m—i—y,Ll)dxdy

L)V L
42 Z/ / 91 |I1H—17j 11) 927\I2|+1(x’ 12) H(g;+y,L1)dxdy

9m(gu,|11|+1) 2m(g2;|I2|+1)

Lo Z/ gn (2, L) (H(z, Ly + L;) + H(z, Ly — L;)) dx

m(g,n— 1)

Note the volume V;;(L;) matches the result in §5.2 when L; = 0. We
take V3(L1, Lo, L3) = 1 because M3 is a single point (the volume of the
product space is the product of the volumes, and taking the product of a
space with a single point doesn’t change the volume).

It is possible (if somewhat unwieldy—see [Dol3, §4.4]) to use this recur-
sion for explicit calculations by looking at certain integrals involving H. This
approach gives the following corollary from [Mir07].

Theorem 5.3. The function V(L) is a polynomial in L of the form

‘/g,n(L) _ Z 7T69—6+2n—2\oz|ca L2

aeN"
|a]<3g—3+n

?

where ¢, € Q4 for each .
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5.5 Returning to surfaces without boundary

We are interested in Vo, but Theorem 5.2 does not apply in this case. For-
tunately, [DN09, theorem 3] gives the following formula for V,, in terms of
Vg1(Ly).

Theorem 5.4. For g > 2, we have
_ V, 1(2mi)
907 9ri(2g — 2)

We give our own calculation to examine a consequence of this.
From Theorem 5.3, we have

39—2

gl Ll § 71_6g 4— 2kc L2k

where ¢, € Q4 for each k.
Then Theorem 5.4 gives

1
Voo=————V' (2mi
90 = 9ri(2g — 2) 51(2m0)
1 39—2
69—4—2k 2k—1
iy 3 2 ™
27rz(29 —2) —
39—2
2kcy, k=2 69—4-2k
- (2mi)? 9
P 29 — 2
2
) 12% *key, . 696
1 -1

So if g > 2, then V, is a rational multiple of 709~

5.6 Finding the missing volumes

Theorems 5.2 and 5.4 give expressions for V, (L) whenever x(S5;,) < 0.
This misses four cases for (g,n), so we present our own working to find these
volumes.
Voo

In §1.1 we saw that M, contains only one point, so Vo = 1.
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Vio

~ From §4.6, we know that the Weil-Petersson metric is a multiple of the
Poincaré metric on H = T;,. (Here we use half the Poincaré metric since
this matches Wolpert’s formula.) From §2.1, we also have the fundamental

domain
{z€H:|z| >1and Re(z) € (—3,3)}

for the action of Mod(T?) on T (T?).

J /'—-0-\ 6z7r/3
' ' \N

\
[
]
H

1

0
Figure 2.2: A fundamental domain for the action of Mod(T?) on T (7?)

1
2

™

This is a hyperbolic triangle with angles 0, Z, %, so has area

T T T
0Ty T3y
in the Poincaré metric. Accounting for the factor of % gives Vi = .
Vo (L)

Note that x(So1) > 0, so we require any surface in Mg 1(L1) to have a
metric with constant curvature 1 and totally geodesic boundary.

If Ly > 0, then given X € Mg ;(L;), we can glue two copies of X along
their boundaries to give a surface X’ such that the curve corresponding to
the boundary of X is a geodesic. But then X’ is homeomorphic to a sphere,
so from §1.1 we know that X’ is the Riemann sphere. All geodesics on the
Riemann sphere are great circles and hence have length 2w, so Mg 1(Ly) is
empty (and has volume 0) unless L; = 27. Further, since any great circle on
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the Riemann sphere can be mapped to any other great circle by an isometry,
it is clear that Mg ;(2) is a single point and hence has volume 1.

D -5

Figure 5.4: Gluing two copies of X

When L; = 0, an element of M 1(L) is a sphere with a marked point.
This can be moved to any other point of the sphere by an isometry, so Mg 1(0)
is a single point.

Voo (L, L)

We repeat a similar strategy for the final case. First, x(Sp2) = 0, so we
require any surface in Mg ;(L;) to have a flat unit-area metric and totally
geodesic boundary.

If Li,Ly > 0 and Y € Mga(Ly, Ls), then gluing two copies of Y along
matching boundary components gives an area-2 torus Y’ with geodesic curves
1, Y2 corresponding to the boundary components. Further, if we take Fenchel—
Nielsen coordinates for Y’ about ~;, then by adjusting the way we glue the
copies of Y we can ensure that Y’ has twist parameter 0. Then Y’ is uniquely
described by the length parameter L;, and by noting that Y’ is a quotient
C/A we see that Ly = Ly. Hence Mga(Ly, Lo) is empty unless Ly = Ly, in
which case it has a single point.

~ (O

Figure 5.5: Gluing two copies of Y
If Ly =0 or Ly = 0, then by symmetry we can assume L; = (0. Then
Y € My2(L, Ly) is an element of M ;(Ly) with an additional marked point,
so Moa(L1, Ls) is empty unless Lo € {0, 27}.
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If Ly = 2m, then we can identify Y € Mg s(Ly, L) with
{z € CU{o0} : Im(2) > 0},

with a marked point zg = xg + o in the interior (note y, > 0). But the
Mobius map
Toz — |20

Yoz
maps zp to i and maps R U {oo} to itself, so we can move the marked point
anywhere in Y.

If Ly =0, then Y € Mgo(Lq, Ls) is a sphere with two marked points.
These can be mapped to any two other points using Mobius maps.

Hence in both cases there is one point in Mg o(Ly, La).

Z =

So if we take ¢ to be the indicator function 1y}, then we can write

Voo =1
%,1(111) = 6([/1) + (5([/1 - 27T)
‘/072([/1, Lg) = 5(L1 - Lg) + 5(L1)5<L2 - 27'(') + (S(LQ)(S(Ll - 27'(')
™
Vip= 3

This is quite different to the hyperbolic case, where the formulae are all
polynomials and V¢ is a rational multiple of 7% where d is the dimension of
the Teichmiiller space.

In [Dol3, §4.3], the convention that Vp1(L1) = 0, Voo(L1, Le) = 0 is
adopted to simplify the statement of Mirzakhani’s recursion by allowing Z, ,,
to contain pairs where 2g; + |I;| < 2 for one or both j. It is interesting to
see how close this is to our result.
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6 Conclusion

In this essay, we explored two notions of the ‘size’ of the moduli space. We
began by introducing the Teichmiiller space, which allowed us to give local
coordinates for the moduli space. Using these, we saw that the moduli space
is very ‘close’ to being compact, and gave a natural compactification of the
space. We then moved on to a second notion of size by defining the Weil-
Petersson metric. We outlined Mirzakhani’s remarkable calculation of the
Weil-Petersson volume of the moduli space, and concluded that the volume
of M(SS,) is a rational multiple of a power of 7, and this power is 6g — 6 when
g > 2. Throughout the essay, we continually returned to the non-hyperbolic
case, initially as an explicit example to guide our approach, and later as an
interesting exception for extending our ideas to.

There were many things which we did not have time to include in this es-
say, but would nonetheless have been valuable additions. Most prominently,
the argument in §4.6 is incomplete, as it is not clear that the metric given
for A is uniquely specified or Dy-equivariant, or that the map from A to T
is sufficiently ‘nice’ for our purposes. Completing this argument was sadly
not possible in the time required for this essay.

Another potential addition was the further example of genus 2. Any ele-
ment of 7(S5s) can be identified with a tiling of the hyperbolic plane by oc-
tagons (similarly to tori being identified with a tiling of C by rhombuses)—we
were interested in visualising the effect of changing length and twist parame-
ters on this tiling, and the code in [Hoel9] was a potential starting point for
this. This could have lead into the explicit description of M(S5)\ M(S,) in
[Donll, §14.4.1]. Further, all genus 2 surfaces can be understood as branched
double covers of the Riemann sphere, which allows for an explicit description
of M(S3) (as in [vdV11]). It would be very interesting to find a description
of length and twist parameters for points in this space.

Finally, in this essay we only considered one of each of the many possible
compactifications of the moduli space and metrics for the Teichmiiller space.
These choices may seem unrelated to each other, but because M is the Weil—-
Petersson completion of M (see §3.7), the volumes V;( are the volumes of

the spaces M(S,), so our two notions of ‘size’ are in fact closely linked.
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